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Abstract
We show convergence in the natural L∞- andW 1,∞-norm for a semidis-
cretization with linear finite elements of a linear parabolic partial differen-
tial equations on evolving surfaces. To prove this we show error estimates
for a Ritz map, error estimates for the material derivative of a Ritz map
and a weak discrete maximum principle.
Keywords: evolving surfaces, parabolic PDE, ESFEM, weighted norm, weak
discrete maximum principle;
1 Introduction
Many important problems can be modeled by partial differential equations
(PDEs) on evolving surfaces. Examples for such equations are given in ma-
terial sciences, fluid mechanics and biophysics [16, 19, 14]. The basic linear
parabolic PDE on a moving surface is
∂•u+ u∇Γ(t) · v −∆Γ(t)u = f on Γ(t).
Here the velocity v is explicitly given and we seek to compute a numerical
approximation to the exact solution u. Dziuk and Elliott [10] introduced the
evolving surface finite element method (ESFEM) to solve this problem. Error
estimates for the semidiscretization with piecewise linear finite elements in the
L2- and H1-norm are given in [12, 9].
The aim of this work is to give error bounds for the semidiscretization with
linear finite elements in the L∞- and W 1,∞-norm. The authors are not aware
of any other maximum norm convergence results for evolving surface PDEs.
Such estimates are of interest for nonlinear parabolic PDEs on evolving
surfaces and if the velocity v is not explicitly given, but depends on the exact
solution u. Example of such problems are given in [5, 16, 2, 15, 3] and the
references therein. The first convergence results for such coupled problems have
been recently shown in [21]. The treatment of such general equations are beyond
the scope of this paper.
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Our convergence proof for the semidiscretization of the linear heat equation
on evolving surfaces relies on three main results.
• We give some error bounds in the L∞- and W 1,∞-norms for a suitable
time dependent Ritz map (also used in [23], which is not the same as the
one in [12, 6]). The proofs of these results are based on Nitsche’s weighted
norm technique [26].
• Since the surface evolves in time the Ritz map is time dependent, hence it
does not commute with the time derivative. We therefore need the essen-
tial novel results: the L∞- and W 1,∞-norm error bounds in the material
derivatives of the Ritz map. Up to our knowledge such maximum norm
estimates have not been shown in the literature until now.
• We extend the weak finite element maximum principle, which is originally
due to Schatz, Thome´e and Wahlbin [30] for Euclidian domains, to the
evolving surface case. In [30] they use basic properties of the semigroup
corresponding to the linear heat equation on a bounded domain. Since
there is no semigroup theory for the linear heat equation on evolving
surfaces we are going to use a different approach.
We expect that the results presented here may be improved to have optimal
logarithmic factors, shown using more involved proof techniques generalised
from the Euclidean domain case, see for instance [18, 27, 29] and especially the
proof of the logarithm-free discrete maximum principle proved in [31]. However,
such logarithmically optimal bounds are not in the scope of the present work,
since such a refined analysis would easily double the length of the paper.
In a recent preprint of Kro¨ner [22], L∞ estimates – of order O(| log(h)|h +
τ1/2) – are shown for full discretisations of parabolic PDEs on stationary sur-
faces. The results of that paper are obtained by using different proof techniques.
The layout of the paper is as follows. We begin in Section 2 by fixing some
notation and introducing the most basic notion. In the first three subsection of
Section 3 we quickly develop the evolving surface finite element method (ES-
FEM) and recall basic results and estimates. In the following three subsection
we introduce a surface version of Nitsche’s weighted norms and finish with an
L2-projection. In Section 4 we give error bound in the maximum norm for our
Ritz map. In Section 5 we derive a weak ESFEM maximum principle. In Sec-
tion 6 we give error bounds for the semi discretization of the linear heat equation
on evolving surfaces in the L∞- and W 1,∞-norm. In Section 7 we present the
results of a numerical experiment. We gather technical details for calculations
with our weight functions in Appendix B.
2 A parabolic problem on evolving surfaces
Let us consider a smooth evolving closed hypersurface Γ(t) ⊂ Rm+1 (our main
focus is on the case m = 2, but some of our results hold for more general cases),
0 ≤ t ≤ T , which moves with a given smooth velocity v. More precise we assume
that there exists a smooth dynamical system Φ: Γ0 × [0, T ]→ Rm+1, such that
for each t ∈ [0, T ] the map Φt := Φ( . , t) is an embedding. We define Γ(t) :=
2
Φt(Γ0) and define the velocity v via the equation ∂tΦ(x, t) = v
(
Φ(x, t), t
)
. Let
∂•u = ∂tu + v · ∇u denote the material derivative of the function u. The
tangential gradient is given by ∇Γu = ∇u−∇u · νν, where ν is the unit normal
and finally we define the Laplace–Beltrami operator via ∆Γu = ∇Γ · ∇Γu. This
article shares the setting of Dziuk and Elliott [9, 12], and [24].
We consider the following linear problem derived in [9, Section 3]:{
∂•u+ u∇Γ(t) · v −∆Γ(t)u = f on Γ(t),
u(., 0) = u0 on Γ(0).
(1)
We use Sobolev spaces on surfaces: For a sufficiently smooth surface Γ and
1 ≤ p ≤ ∞ we define
W 1,p(Γ) =
{
η ∈ Lp(Γ) | ∇Γη ∈ Lp(Γ)m+1
}
,
and analogously W k,p(Γ) for k ∈ N [9, Section 2.1]. We set Hk(Γ) = W k,2(Γ).
Finally, GT denotes the space-time manifold, i.e. GT := ∪t∈[0,T ]Γ(t)× {t}.
If f = 0 then a weak formulation of this problem reads as follows.
Definition 2.1 (weak solution, [9] Definition 4.1). A function u ∈ H1(GT ) is
called a weak solution of (1), if for almost every t ∈ [0, T ]
d
dt
∫
Γ(t)
uϕ+
∫
Γ(t)
∇Γ(t)u · ∇Γ(t)ϕ =
∫
Γ(t)
u∂•ϕ
holds for every ϕ ∈ H1(GT ) and u(., 0) = u0.
For suitable f and u0 existence and uniqueness results, for the strong and
the weak problem, were obtained in [9, Section 4].
Throughout this article we assume that f and u0 a such regular that u ∈
W 3,∞(GT ). Furthermore we set for simplicity reasons in all sections f = 0, since
the extension of our results to the inhomogeneous case are straightforward.
3 Preliminaries
We give a summary of this section. In Section 3.1 we introduce the ESFEM,
which is due to Dziuk and Elliott [9]. In Section 3.2 we recall the lifting process,
which originates in Dziuk [8]. In Section 3.3 we collect important results from
Dziuk and Elliott [12] and sometimes state them in a slightly more general
fashion. In Section 3.4 we introduce weighted norms, which are due to Nitsche
[26], and give connections to the L∞-norm. In Section 3.5 we give interpolation
estimates in the L2-, L∞- and weighted norms and further give some special
interpolation estimates in weighted norms. The latter two were first stated
in Nitsche [26]. In Section 3.6 we introduce an L2-projection, give a stability
bound in Lp-norms and finish with a error estimate with respect to a different
weight function. The basic reference for this is Douglas, Dupont, Wahlbin [7]
and Schatz, Thome´e, Wahlbin [30].
3
3.1 Semidiscretization with the evolving surface finite el-
ement method
The smooth surface Γ(t) is approximated by a triangulated one denoted by
Γh(t), whose vertices aj(t) = Φ(aj(0), t) are sitting on the surface for all time,
such that
Γh(t) =
⋃
E(t)∈Th(t)
E(t).
We always assume that the (evolving) simplices E(t) are forming an admissible
triangulation Th(t), with h denoting the maximum diameter. Admissible trian-
gulations were introduced in [9, Section 5.1]: Every E(t) ∈ Th(t) satisfies that
the inner radius σh is bounded from below by ch with c > 0, and Γh(t) is not a
global double covering of Γ(t). The discrete tangential gradient on the discrete
surface Γh(t) is given by
∇Γh(t)φ := ∇φ−∇φ · νhνh,
understood in a piecewise sense, with νh denoting the normal to Γh(t) (see [9]).
For every t ∈ [0, T ] we define the finite element subspace Sh(t) spanned by
the continuous, piecewise linear evolving basis functions χj , satisfying
χj(ai(t), t) = δij for all i, j = 1, 2, . . . , N,
therefore Sh(t) = span
{
χ1( . , t), χ2( . , t), . . . , χN ( . , t)
}
.
We interpolate the dynamical system Φ by Φh : Γh(0) → Rm+1, the dis-
crete dynamical system of Γh(t). This defines a discrete surface velocity Vh via
∂tΦh(yh, t) = Vh
(
Φh(yh, t), t
)
. Then the discrete material derivative is given by
∂•hφh = ∂tφh + Vh · ∇φh (φh ∈ Sh(t)).
The key transport property derived in [9, Proposition 5.4], is the following
∂•hχk = 0 for k = 1, 2, . . . , N. (2)
The spatially discrete problem for evolving surfaces is: Find a Uh ∈ Sh(t)
with ∂•hUh ∈ Sh(t) and temporally smooth such that, for every φh ∈ Sh(t) with
∂•hφh ∈ Sh(t),
d
dt
∫
Γh(t)
Uhφh +
∫
Γh(t)
∇ΓhUh · ∇Γhφh =
∫
Γh(t)
Uh∂
•
hφh, (3)
with the initial condition Uh( . , 0) = U
0
h ∈ Sh(0) being a sufficient approxima-
tion to u0.
3.2 Lifts
In the following we recall the so called lift operator, which was introduced in [8]
and further investigated in [9, 12]. The lift operator projects a finite element
function on the discrete surface onto a function on the smooth surface.
Using the oriented distance function d ([9, Section 2.1]), for a continuous
function ηh : Γh(t)→ R its lift is define as
ηlh(x
l, t) := ηh(x, t), x ∈ Γ(t),
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where for every x ∈ Γh(t) the value xl = xl(x, t) ∈ Γ(t) is uniquely defined via
x = xl + ν(xl, t)d(x, t). This notation for xl will also be used later on. By η−l
we mean the function whose lift is η, and by Elh we mean the lift of the triangle
Eh.
The following pointwise estimate was shown in the proof of Lemma 3 from
Dziuk [8]:
1
c
|∇Γηlh(xl)| ≤ |∇Γhηh(x)| ≤ c|∇Γηlh(xl)|. (4)
We now recall some notions using the lifting process from [8, 9]. We have
the lifted finite element space
Slh(t) :=
{
ϕh = φ
l
h |φh ∈ Sh(t)
}
.
By δh we denote the quotient between the continuous and discrete surface mea-
sures, dA and dAh, defined as δhdAh = dA. For these quantities we recall some
results from [9, Lemma 5.1], [12, Lemma 5.4] and [24, Lemma 6.1].
Lemma 3.1. For sufficiently small h, we have the estimates
‖d‖L∞(Γh(t)) ≤ ch2, ‖1− δh‖L∞(Γh(t)) ≤ ch2,
with constants independent of t and h.
3.3 Geometric estimates and bilinear forms
Let us denote by Φlh : Γ0 × [0, T ]→ Rm+1 the lift of Φh. We define the velocity
vh via the formula ∂tΦ
l
h(x, t) = vh
(
Φlh(x, t), t
)
. Then the discrete material
derivative on Γ(t) is given by
∂•hu = ∂tu+ vh · ∇u,
which satisfies the following relations, cf. [12]:
∂•u = ∂•hu+ (vh − v) · ∇Γu, (5)
‖v − vh‖L∞(Γ(t)) + h‖v − vh‖W∞(Γ(t)) ≤ ch2‖v‖W 2,∞(Γ(t)), (6)
We use the time dependent bilinear forms defined in [12, Section 3.3]: for
z, ϕ ∈ H1(Γ(t)) and Zh, φh ∈ H1(Γh(t)):
a(t; z, ϕ) =
∫
Γ(t)
∇Γz · ∇Γϕ,
m(t; z, ϕ) =
∫
Γ(t)
zϕ,
g(t; v; z, ϕ) =
∫
Γ(t)
(∇Γ · v)zϕ,
ah(t;Zh, φh) =
∑
E∈Th
∫
E
∇ΓhZh · ∇Γhφh,
mh(t;Zh, φh) =
∫
Γh(t)
Zhφh
gh(t;Vh;Zh, φh) =
∫
Γh(t)
(∇Γh · Vh)Zhφh,
b(t; v; z, ϕ) =
∫
Γ(t)
B(v)∇Γz · ∇Γϕ,
bh(t;Vh;Zh, φh) =
∑
E∈Th
∫
E
Bh(Vh)∇ΓhZh
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where the discrete tangential gradients are understood in a piecewise sense, and
with the matrices
B(v)ij = δij(∇Γ · v)−
(
(∇Γ)ivj + (∇Γ)jvi
)
,
Bh(Vh)ij = δij(∇Γ · Vh)−
(
(∇Γh)i(Vh)j + (∇Γh )j(Vh)i
)
,
where i, j = 1, 2, . . . ,m+ 1.
The time derivatives of the bilinear forms are given in the following lemma.
Lemma 3.2 (Discrete transport property). For z, ϕ ∈ H1(Γ(t)) we have
d
dt
m(z, ϕ) = m(∂•hz, ϕ) +m(z, ∂
•
hϕ) + g(vh; z, ϕ),
d
dt
a(z, ϕ) = a(∂•hz, ϕ) + a(z, ∂
•
hϕ) + b(vh; z, ϕ).
(7)
Similarly for Zh, φh ∈ H1(Γh(t)) we have
d
dt
mh(Zh, φh) = mh(∂
•Zh, φh) +mh(Zh, ∂
•φh) + gh(Vh;Zh, φh),
d
dt
ah(Zh, φh) = ah(∂
•Zh, φh) + ah(Zh, ∂
•φh) + bh(Vh;Zh, φh).
(8)
Important and often used results are the bounds of the geometric perturba-
tion errors in the bilinear forms.
Lemma 3.3. For all 1 ≤ p, q ≤ ∞, that are conjugate, p−1 + q−1 = 1, and
for arbitrary Zh ∈ Lp
(
Γh(t)
)
and φh ∈ Lq
(
Γh(t)
)
, with corresponding lifts zh ∈
Lp
(
Γ(t)
)
and ϕh ∈ Lq
(
Γ(t)
)
we have the following estimates:
|m(zh, ϕh)−mh(Zh, φh)| ≤ ch2‖zh‖Lp(Γ(t))‖ϕh‖Lq(Γ(t)),∣∣a(zh, ϕh)− ah(Zh, φh)∣∣ ≤ ch2‖∇Γzh‖Lp(Γ(t))‖∇Γϕh‖Lq(Γ(t)),∣∣g(vh; zh, ϕh)− gh(Vh;Zh, φh)∣∣ ≤ ch2‖zh‖Lp(Γ(t))‖ϕh‖Lq(Γ(t)),∣∣b(vh; zh, ϕh)− bh(Vh;Zh, φh)∣∣ ≤ ch2‖∇Γzh‖Lp(Γ(t))‖∇Γϕh‖Lq(Γ(t)),
where the constant c > 0 is independent from t ∈ [0, T ] and the mesh width h.
Proof. These geometric estimates were established for the case p = q = 2 in [12,
Lemma 5.5] and [23, Lemma 7.5]. To show the estimates for general p and q,
the same proof apply, except the last step where we use a Ho¨lder inequality.
3.4 Weighted norms and basic estimates
Similarly, as in the works of Nitsche [26], weighted Sobolev norms and their
properties play a very important and central role. In this section we recall some
basic results for them.
Definition 3.1 (Weight function). For γ > 0 sufficiently big but independent
of t and h we set
ρ : [0,∞)→ [0,∞), ρ2 := ρ2(h) := γh2|log h|.
We define a weight function µ = µ(t; . ) : Γ(t)→ R via the formula
µ(x) := µ(x, y) := |x− y|2 + ρ2 ∀x ∈ Γ(t). (9)
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The actual choice of γ is going to be clear from the proofs.
Definition 3.2 (Weighted norms, [26] Section 2.). Let µ be a weight function
and α ∈ R. We define the norms
‖u‖2L2,α =
∫
Γ
µ−α|u|2,
‖u‖2H1,α = ‖u‖2L2,α + ‖∇Γu‖2L2,α, ‖u‖2H2,α = ‖u‖2H1,α + ‖∇2Γu‖2L2,α.
Lemma 3.4. Let dimΓ(t) = 2. Let φh ∈ Sh(t) with corresponding lift ϕh ∈
Slh(t). Then there exist constants c > 0 independent of t, h and γ such that
‖ϕh‖L∞(Γ(t)) ≤ ch|log h|‖ϕh‖L2,2, (10)
‖ϕh‖W 1,∞(Γ(t)) ≤ cγ|log h|1/2‖ϕh‖H1,1. (11)
Proof. There is a point y0,h ∈ E0 ⊂ Γh(t) such that
‖φh‖W 1,∞(Γh(t)) = |φh(y0,h)|+ |∇Γhφh(y0,h)| = ‖φh‖W 1,∞(E0).
Note that on E0 the estimate µh(xh) ≤ cρ2 holds for h < h0, h0 sufficiently
small. Then the second bound yields from using inverse inequality (Lemma 3.11)
and (54). The bound (10) is proved using similar arguments.
Lemma 3.5. Let dimΓ(t) = 2. Let u : Γ(t) → R be a sufficiently smooth
function. Then the following estimates hold, with a sufficiently small h0 > 0,
‖u‖L2,2 ≤ cρ−1‖u‖L∞(Γ(t)), (12)
‖u‖H1,1 ≤ c|log ρ|1/2‖u‖W 1,∞(Γ(t)), (13)
for 0 < h < h0, where the constant c = c(h0) > 0 is independent of t, h and γ.
Proof. For α = 1 or 2 we obviously have
‖u‖L2,α ≤ ‖u‖L∞(Γ(t))‖u‖L∞(Γ(t))‖µ−α‖1/2L1(Γ(t)).
Then a straightforward calculation, using Appendix B shows both estimates.
Naturally, there is a weighted version of the Cauchy–Schwarz inequality,
namely we have
|a∗(zh, ϕh)| ≤ ‖zh‖H1,α‖ϕh‖H1,−α,
|a∗h(Zh, φh)| ≤ c‖zh‖H1,α‖ϕh‖H1,−α,
(14)
and similarly for the bilinear forms g and b. Furthermore, this yields a weighted
version of the geometric errors of the bilinear forms (Lemma 3.3).
Lemma 3.6. The following estimates hold, with a constant c > 0 independent
of t, h and γ,
|a∗(zlh, φlh)− a∗h(Zh, φh)| ≤ ch2‖zlh‖H1,α‖φlh‖H1,−α, (15)
|(g + b)(vh; zlh, φlh)− (gh + bh)(Vh;Zh, φh)| ≤ ch2‖zlh‖H1,α‖φlh‖H1,−α. (16)
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Lemma 3.7. (i) Derivatives of µ−1 are bounded as
|∇Γµ−1| ≤ 2µ−1,5, |∆Γµ−1| ≤ cµ−2 (17)
with c > 0 independent of t, h and γ.
(ii) For arbitrary u ∈ H1(Γ(t)) the following norm inequalities hold:
‖µ−1u‖H1,−1 ≤ c(‖u‖L2,2 + ‖u‖H1,1), (18)
‖µ−2u‖L2,−1 ≤ ρ−1‖u‖L2,2. (19)
Proof. (i): The first esitmate follows from
|∇Γµ−1| ≤ |∇µ−1| ≤ 2|x− y|
µ2
≤ 2
√
µ
µ2
.
For the second inequality consider the formula,
∆Γf = ∆f¯ −∇2f¯(ν, ν)−Hν · ∇f¯ ,
where f¯ : U → R is an extension of the sufficiently smooth function f to an open
neighborhood U ⊂ Rm+1 of Γ(t), ∇2f¯ denotes the Hessian of f¯ and H denotes
the trace of the Weingarten map of Γ(t).
(ii) In order to show these estimates we use the bounds (17) obtained above.
3.5 Interpolation and inverse estimates
Here we collect some results involving evolving surface finite element functions.
For a sufficiently regular function u : Γ(t) → R we denote by I˜hu ∈ Sh(t)
its interpolation on Γh(t). Then the finite element interpolation is given by
Ihu = (I˜hu)
l ∈ Slh(t), having the error estimate below, cf. [11].
Lemma 3.8. For m ≤ 3 and p ∈ {2,∞}, there exists a constant c > 0 inde-
pendent of h and t such that for u ∈ W 2,p(Γ(t)):
‖u− Ihu‖Lp(Γ(t)) + h‖∇Γ(u− Ihu)‖Lp(Γ(t))
≤ ch2
(
‖∇2Γu‖Lp(Γ(t)) + h‖∇Γu‖Lp(Γ(t))
)
.
The interpolation estimates hold also if weighted norms are considered.
Lemma 3.9. There exists a constant c > 0 such that for u ∈ W 2,∞(Γ(t)) it
holds
‖u− Ihu‖2L2,2 + ‖u− Ihu‖2H1,1 ≤ ch2|log h|‖u‖2W 2,∞(Γ(t)). (20)
Proof. Use a Ho¨lder inequality, Lemma 3.8 and Lemma 3.5 (12), (13) with the
choice u ≡ 1.
Lemma 3.10. There exists h0 > 0, γ0 > 0 such that for all α ∈ R there exists
a constant c = c(h0, γ0) > 0 independent of t and h such that for all γ > γ0 for
the weight µ, c.f. (9), and for all h < h0 the following inequalities holds:
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(i) Let u ∈ H1(Γ(t)) be curved element-wise H2. The interpolation Ihu ∈
Slh(t) satisfies
‖u− Ihu‖L2,α + h‖∇Γ(u− Ihu)‖L2,α ≤ ch2
(‖∇2Γu‖L2,α + ch‖∇Γu‖L2,α),
(21)
where ‖∇2Γu‖L2,α is understood curved element-wise.
(ii) For any ϕh ∈ Slh(t) the following estimate holds:
‖µ−1ϕh − Ih(µ−1ϕh)‖H1,−1 ≤ c
(
h
ρ
+ h
)(‖ϕh‖L2,2 + ‖∇Γϕh‖L2,1). (22)
Proof. (i): To prove inequality (21) it suffices to show that there exists a con-
stant c = c(α) > 0 independent of t, h such that for each element K ∈ Th(t) it
holds ∫
Kl
µα
(
(w − Ihw)2 + h|∇Γ(w − Ihw)|2
)
≤ ch2
∫
Kl
µα
(|∇2Γw|2 + ch|∇Γw|2),
where K l ⊂ Γ(t) denote the lifted curved element of K. It is easy to show that
there exists γ0 = γ0(h0) > 0 and c = c(γ0) > 0 such that for all γ > γ0 it holds
max
K∈Th
(
maxx∈Kl µ(x, y)
minx∈Kl µ(x, y)
)
≤ c.
A straightforward calculation finishes the proof.
(ii): For an arbitrary function f : Γh(t) → R, which is element-wise H2, a
short calculation, similar to the one done in Dziuk [8, Lemma 3], shows that
|(∇Γ)i(∇Γ)j(f l)| ≤ c
(|((∇Γh)i(∇Γh)jf)l|+ ch|∇Γ(f l)|),
for a sufficiently small h0 > h > 0. A straightforward calculation combined with
(i) and (17) shows the claim.
The following general version of inverse estimates for finite element functions
plays a key role later on, cf. [30].
Lemma 3.11 (Inverse estimate). There exists c > 0 such that for each triangle
Eh(t) ⊂ Γh(t) the following inequality holds
‖ϕh(t)‖Wk,p(Eh(t)) ≤ chm−k−2(1/q−1/p)‖ϕh(t)‖Wm,q(Eh(t)) (∀ϕh ∈ Sh(t)).
Lemma 3.12. There exists c > 0 with
‖ϕh‖L∞(Γ(t)) ≤
∣∣∣∣ 1V
∫
Γ(t)
ϕh(y)dV (y)
∣∣∣∣+ c|log h|1/2‖∇Γϕh‖L∞(Γ(t)).
Proof. Follow the steps in Schatz, Thome´e, Wahlbin [30] using the Green’s
function from Theorem A.1 and calculating with geodesic polar coordinates.
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3.6 Estimates for an L2-projection
This section shows some technical results for the L2-projection, which is denoted
by P0 (in contrast with the Ritz map which will be denoted by P1).
Definition 3.3 (L2-projection). We define P0(t) : L
2
(
Γh(t)
) → Sh(t) as fol-
lows: Let uh ∈ L2
(
Γh(t)
)
be given. Then there exits a unique finite element
function P0(t)u ∈ Sh(t) such that for all φh ∈ Sh(t) it holds
mh
(
P0(t)uh, φh
)
= mh(uh, ϕh). (23)
The following important Lp-stability bound and exponential decay property
from Douglas, Dupont and Wahlbin [7, equation (6) and (7)] holds without any
serious modification.
Theorem 3.1. For p ∈ [1,∞] let uh ∈ Lp
(
Γh(t)
)
. Then there exists a constant
c > 0 independent of h and t such that
‖P0(t)uh‖Lp(Γh(t)) ≤ c‖uh‖Lp(Γh(t)).
Further there exists c2, c3 > 0 independent of h and t such that for A
1
h(t) and
A2h(t) disjoint subsets of Γh(t) with supp(uh) ⊆ A1h we have
‖P0(t)uh‖L2(A2
h
(t)) ≤ c2e−c3 disth(A
1
h,A
2
h)h
−1‖uh‖L2(A1
h
(t)), (24)
where disth(x, y) = distΓh(t)(x, y) is the intrinsic Riemannian distance of Γh(t).
For the proof of our discrete weak maximum principle we are going to use a
different weight function then (9). Let [0, T ]→ Rm+1, t 7→ y(t) be a curve with
the property y(t) ∈ Γ(t). In the following we write y instead of y(t). We define
σ(x) := σy(x) := σ(x, y) :=
(|x− y|2 + h2)1/2. (25)
We gather some estimates concerning σ in the next lemma.
Lemma 3.13. There exists a constant c > 0 independent of t and h such that
the following estimates hold
‖∂•σ‖L∞(Γ(t)) ≤ c, ‖∂•hσ‖L∞(Γ(t)) ≤ c, (26)
‖∇Γσ‖L∞(Γ(t)) ≤ 1, |∇2Γσ| ≤ c
(
1
σ
+ 1
)
, ‖∇2Γ(σ2)‖L∞(Γ(t)) ≤ c. (27)
The proof of this lemma is a straightforward calculation and is omitted here.
Lemma 3.14. There exists c > 0 such for fixed t ∈ [0, T ], xh ∈ Γh(t), σ = σxh ,
φh ∈ Sh(t) and ψh := P0(σ2ϕh) the following inequality holds:
‖σ2φh − ψh‖L2(Γh(t)) + h‖∇Γh(σ2φh − ψh)‖L2(Γh(t))
≤ ch2(‖φh‖L2(Γh(t)) + ‖σ∇Γhφh‖L2(Γh(t))).
Proof. Consider a triangle Eh ⊂ Γh(t) and set gh := I˜h(σ2φh). Use Lemma 3.13
and (55) and follow the steps in Schatz, Thome´e and Wahlbin [30, Lemma 1.4].
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4 A Ritz map and some error estimates
Just as in the usual L2-theory the Ritz map plays a very important role for our
L∞-error estimates. This section is devoted to the careful L∞- and weighted
norm analysis of the errors in the Ritz map.
Definition 4.1 (Ritz map, [23]). We define Ph,1(t) : H
1
(
Γ(t)
) → Sh(t) as
follows: Let u ∈ H1(Γ(t)) be given. Then there exits a unique finite element
function Ph,1(t)u ∈ Sh(t) such that for all φh ∈ Sh(t) with ϕh = φlh it holds
a∗h
(
Ph,1(t)u, φh
)
= a∗(u, ϕh). (28)
This naturally defines the Ritz map on the continuous surface:
P1(t)u =
(
Ph,1(t)u
)l ∈ Slh(t).
Note that the Ritz map does not satisfy the Galerkin orthogonality, however
it satisfies, using (15), the following estimate, cf. [23]. For all ϕh ∈ Slh(t) we
have
|a∗(u− P1(t)u, ϕh)| ≤ ch2‖P1(t)u‖H1,α‖ϕh‖H1,−α. (29)
In this section we aim to bound the following errors of the Ritz map:
u− P1(t)u and ∂•h
(
u− P1(t)u
)
,
in the L∞- andW 1,∞-norms. Previously, H1- and L2-error estimates have been
shown in [9, 12].
4.1 Weighted a priori estimates
Before turning to the maximum norm error estimates, we state and prove some
technical regularity results involving weighted norms.
Lemma 4.1 (Weighted a priori estimates). For f ∈ L2(Γ(t)), the problem
−∆Γw + w = f on Γ(t),
has a unique weak solution w ∈ H1(Γ(t)). Furthermore, w ∈ H2(Γ(t)) and we
have the following weighted a priori estimates
‖w‖H1,−1 ≤ c
(‖f‖L2,−1 + ‖w‖L2) (30)
‖w‖H2,−1 ≤ c
(‖f‖L2,−1 + ‖w‖H1), (31)
where the constant c > 0 is independent of t, h and γ.
Proof. Existence and uniqueness of a weak solution follows from [1]. Using
integration by parts, Young inequality and |∇Γµ| ≤ √µ a short calculation
shows (30). For the details on elliptic regularity and a derivation of the a priori
estimate
‖w‖H2 ≤ c‖−∆Γw + w‖L2 ,
where c > 0 is independent of t, we refer to [20, Appendix A].
Because of (30) it suffices to prove (31) for ‖∇2Γw‖2L2,−1 as the left-hand side
instead of ‖w‖2H2,−1. Apply the usual elliptic a priori estimate on (xi− yi)w for
i = 1, . . . ,m+ 1 to get the desired estimate.
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Lemma 4.2. For g ∈ L2(Γ(t)) the problem
−∆Γw + w = µ−2g.
has a unique weak solution w ∈ H1(Γ(t)). Furthermore, w ∈ H2(Γ(t)), and
there exists a constant c > 0 independent of t and h such that
‖w‖2H1 ≤ cρ−2|log ρ|‖g‖2L2,2. (32)
Proof. Lemma 4.1 gives us existence, uniqueness and regularity of w. Consider
the number
λ−1(t) := sup
{‖f‖2H1 | f ∈ H2(Γ(t)), ‖−∆Γf + f‖2L2,−2 ≤ 1}.
Inequality (32) is proven if we show
λ−1(t) ≤ cρ−2|log ρ|,
where c is t independent. A short calculation shows that the smallest eigenvalue
λ˜min(t) of the elliptic eigenvalue problem
−∆Γf + f = λ˜µ−2f on Γ(t)
is equal to λ(t). The weighted Rayleight quotient implies
λ˜min = inf
f∈H1
‖f‖2H1
‖f‖2L2,2
.
Hence it suffices to prove
‖f‖2L2,2 ≤ cρ−2|log(ρ)|‖f‖2H1 , (33)
for a f ∈ H1. With a Ho¨lder estimate we arrive at
‖f‖2L2,2 ≤
(∫
Γ(t)
µ−2p
)1/p(∫
Γ(t)
f2q
)1/q
=
(∫
Γ(t)
µ−2p
)1/p
‖f‖2L2q(Γ(t)),
where 1 < p, q < ∞ satisfies p−1 + q−1 = 1. We take the choice q = √|log ρ|.
It is easy to prove the following quantitative Sobolev-Nierenberg inequality for
moving surfaces:
‖f‖Lq(Γ(t)) ≤ cq‖f‖H1(Γ(t)),
where c is independent of t and q. A straightforward calculation with geodesic
polar coordinates using Lemma B.2 and Lemma B.1 shows inequality (33).
4.2 Maximum norm error estimates
Before showing L∞- and W 1,∞-norm error estimates for the Ritz map, we show
similar estimates for weighted norms. Then, by connecting the norms, use these
results to obtain our original goal.
Throughout this subsection, we write P1u instead of P1(t)u.
12
Lemma 4.3. There exists h0 > 0 sufficiently small and γ0 > 0 sufficiently large
and a constant c = c(h0, γ0) > 0 such that for u ∈ W 2,∞
(
Γ(t)
)
it holds
‖u− P1u‖2L2,2 + ‖u− P1u‖2H1,1 ≤ ch2|log h|‖u‖2W 2,∞(Γ(t)). (34)
Proof. Step 1: Our goal is to show
‖u− P1u‖2H1,1 ≤ ch2|log h|‖u‖2W 2,∞(Γ(t)) + cˆ‖u− P1u‖2L2,2. (35)
Similarly as in Nitsche [26, Theorem 1], (17) and partial integration yields
‖u− P1u‖2H1,1 ≤ a∗
(
u− P1u, µ−1(u− P1u)
)
+ c
∫
Γ(t)
(∆Γµ
−2)(u − P1u)2
≤ a∗(u− P1u, µ−1(u− P1u))+ c‖u− P1u‖2L2,2.
For simplicity we set e = u− P1u, and use Ihu = (I˜hu)l to obtain
a∗(e, µ−1e) = a∗
(
e, µ−1(u− Ihu)
)
+ a∗
(
e, µ−1(Ihu− P1u)− Ih
(
µ−1(Ihu− P1u)
))
+ a∗
(
e, Ih
(
µ−1(Ihu− P1)
))
= I1 + I2 + I3.
Using Lemma 3.6 (14), Lemma 3.7 (18), Lemma 3.9 (20) and ε-Young inequality
we estimate as
|I1| ≤ ε‖e‖2H1,1 + ch2|log h|‖u‖2W 2,∞(Γ(t)) .
For the second term use in addition Lemma 3.10 (22) and a 0 < h < h0 suffi-
ciently small to get
|I2| ≤ ε‖e‖2H1,1 + c
(
h2|log h|‖u‖W 2,∞(Γ(t)) + ‖e‖L2,2
)
.
For the last term use in addition Lemma 3.6 (29) to reach at
|I3| ≤ ε‖e‖2H1,1 + c
(
h2|log h|‖u‖W 2,∞(Γ(t)) + ‖e‖L2,2
)
These estimates together, and absorbing ‖e‖2H1,1, imply (35).
Step 2: Using an Aubin–Nitsche argument we prove that there exists γ >
γ0 > 0 sufficiently large such that for all δ > 0 the following estimate holds
‖u− P1u‖2L2,2 ≤ ch4‖u‖2W 2,∞(Γ(t)) + δ‖u− P1u‖2H1,1. (36)
Let w ∈ H2(Γ(t)) be the weak solution of
−∆Γw + w = µ−2e.
Then by testing with e we obtain
‖e‖2L2,2 =
(
a∗(e, w)− a∗(e, Ihw)
)
+ a∗(e, Ihw) = a
∗(e, w − Ihw) + a∗(e, Ihw)
In addition to the already mentioned lemmata in Step 1 use Lemma 4.1 (31),
Lemma 3.7 (19), Lemma 4.2 (32) and a sufficiently large γ > γ0 > 0 to estimate
|a∗(e, w − Ihw)| ≤ 1
4
‖e‖2L2,2 +
δ
2
‖e‖2H1,1.
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For the other term we estimate
|a∗(e, Ihw)| ≤ ch2‖e‖H1‖Ihw‖H1 ≤ ch4‖u‖2W 2,∞(Γ(t)) +
1
4
‖e‖2L2,2.
By absorption, this implies (36).
The final estimate is shown by combining (35) and (36), and choosing δ > 0
such that cˆδ < 1. Then an absorbtion finishes the proof.
Theorem 4.1. There exist constants c > 0 independent of h and t such that
‖u− (Ph,1(t)u)l‖L∞(Γ(t)) ≤ ch2|log h|3/2‖u‖W 2,∞(Γ(t)),
‖u− (Ph,1(t)u)l‖W 1,∞(Γ(t)) ≤ ch|log h|‖u‖W 2,∞(Γ(t)), (u ∈ W 2,∞(Γ(t))).
Proof. Using Lemma 3.8, Lemma 3.4 (11) and Lemma 3.5 (13) we get
‖u− P1u‖W 1,∞(Γ(t)) ≤ ‖u− Ihu‖W 1,∞(Γ(t)) + c‖I˜hu− Ph,1u‖W 1,∞(Γh(t))
≤ ch‖u‖W 2,∞(Γ(t)) + c|log h|1/2‖I˜hu− Ph,1u‖H1,1
≤ ch|log h|‖u‖W 2,∞(Γh(t)) + c‖u− (Ph,1u)l‖H1,1.
For the W 1,∞-estimate use Lemma 4.3 to estimate the weighted norms. The
L∞-estimate is obtained in a similar way.
Remark 4.1. The paper of Demlow [6] (dealing with elliptic problems on sta-
tionary surfaces) contains a related result in Corollary 4.6, however it does not
directly imply Lemma 4.3. There are two crucial differences compered to the the-
orem above. Since there is no surface evolution in [6] the constants appearing in
his proof would need to be shown being uniform in time1. Furthermore, Demlow
uses a different Ritz map (denoted by u˜ℓhk there): instead of using the positive
definite bilinear form a∗(·, ·) in (28), he uses the original positive semi-definite
bilinear form a(·, ·) and works with functions with mean value zero.
4.3 Maximum norm material derivative error estimates
Since the material derivative does not commute with the time dependent Ritz
map, i.e. ∂•hP1(t)u 6= P1(t)∂•hu, we bound the error ∂•h(u − P1(t)u). Again we
first show our estimates in the weighted norms, and then use these results for
the L∞- and W 1,∞-norm error estimates. Up to the authors knowledge such a
maximum norm error estimate for the material derivative of the Ritz map have
not been shown in the literature before.
For this subsection we write Ph,1u instead of Ph,1(t)u and further P1u instead
of P1(t)u.
We first state a substitute for our weighted pseudo Galerkin inequality (29).
Lemma 4.4. There exists a constant c > 0 independent of h and t such that
for all u ∈W 2,∞(GT ) and ϕh ∈ Slh(t) it holds
|a∗(∂•h(u − P1u), ϕh)| ≤ c
(
h2‖∂•h(u − P1u)‖H1,1
+ h|log h|1/2(‖u‖W 2,∞(Γ(t)) + ‖∂•u‖W 1,∞(Γ(t))))‖ϕh‖H1,−1. (37)
1In fact some of them is later shown to be t-independent in the appendix.
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Proof. The main idea is given by Dziuk and Elliott in [12]. Using (5) and
Lemma 3.5 (13) it is easy to verify
‖∂•hP1u‖H1,1 ≤ ‖∂•hu− ∂•hP1u‖H1,1
+ c|log h|1/2(‖∂•u‖W 1,∞(Γ(t)) + h‖u‖W 2,∞(Γ(t))). (38)
Let φh ∈ Sh(t) such that ϕh = φlh. Taking time derivative of the definition of
the Ritz map (28), using the discrete transport properties (7) Lemma 3.2, and
the definition of the Ritz map, we obtain
a∗(∂•hu− ∂•hP1u, ϕh) = a∗h(∂•hPh,1u, φh)− a∗(∂•hP1u, ϕh)
+ (gh + bh)(Vh;u
−l, φh)− (g + b)(vh;u, ϕh)
− (gh + bh)(Vh;u−l − Ph,1u, φh).
(39)
Then estimate using Lemma 3.6 (15), (16), Lemma 4.3 (34) and the above
inequality to finish the proof (cf. [24, Theorem 7.2]).
Lemma 4.5. For k ∈ {0, 1} there exists c = c(k) > 0 independent of t and h
such that for u ∈W 3,∞(GT ) the following inequalities hold
‖∂•hu− Ih∂•u‖Wk,∞(Γ(t)) ≤ ch2−k
(‖u‖W 2,∞(Γ(t)) + ‖∂•u‖W 2,∞(Γ(t))), (40)
‖∂•hu− Ih∂•u‖2L2,2+ ‖∂•hu− Ih∂•u‖2H1,1
≤ ch2|log h|(‖u‖W 2,∞(Γ(t)) + ‖∂•u‖W 2,∞(Γ(t))). (41)
Proof. Using (5) we get
‖∂•hu− Ih∂•u‖Wk,∞(Γ(t))
≤ ‖(v − vh) · ∇Γu‖Wk,∞(Γ(t)) + ‖∂•u− Ih∂•u‖Wk,∞(Γ(t)).
Use Lemma 3.8 and (6) to show the first estimate.
For the second inequality use a Ho¨lder estimate, and (40) with Lemma 3.5
(12) and (13).
Lemma 4.6. There exists h0 > 0 sufficiently small and γ0 > 0 sufficiently large
and a constant c = c(h0, γ0) > 0 such that for u ∈ W 3,∞(GT ) the following holds
‖∂•hu− ∂•hP1u‖2L2,2 + ‖∂•hu− ∂•hP1u‖2H1,1
≤ ch2|log h|4(‖u‖2W 2,∞(Γ(t)) + ‖∂•u‖2W 2,∞(Γ(t))).
(42)
Proof. This proof has a similar structure as Lemma 4.3, and since it also uses
similar arguments, we only give references if new lemmata are needed. For the
ease of presentation we set e = u− P1u and split the error as follows
∂•he = (∂
•
hu− Ih∂•u) + (Ih∂•u− ∂•hP1u) =: σ + θh.
Step 1: Our goal is to prove
‖∂•he‖2H1,1 ≤ ch2|log h|
(‖u‖2W 2,∞(Γ(t)) + ‖∂•u‖2W 2,∞(Γ(t)))+ cˆ‖∂•he‖2L2,2. (43)
We start with
‖∂•he‖2H1,1 ≤ a∗
(
∂•he, µ
−1∂•he
)
+ c‖∂•he‖2L2,2
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and continue with
a∗(∂•he, µ
−1∂•he) = a
∗(∂•he, µ
−1σ)
+ a∗
(
∂•he, µ
−1θh − I(µ−1θh)
)
+ a∗
(
∂•he, I(µ
−1θh)
)
= I1 + I2 + I3.
We estimate the three terms separately. For the first ε-Young inequality and
Lemma 4.5 (41) yields
|I1| ≤ ε‖∂•he‖2H1,1 + ch2|log h|(‖u‖2W 2,∞(Γ(t)) + ‖∂•u‖2W 2,∞(Γ(t))).
For a sufficiently small 0 < h < h0 we obtain
|I2| ≤ ε‖∂•he‖2H1,1 + c
(‖∂•he‖2L2,2 + h2|log h|(‖u‖2W 2,∞(Γ(t)) + ‖∂•u‖2W 2,∞(Γ(t)))).
Using Lemma 4.4 (37) and a 0 < h < h1 sufficiently small we arrive at
|I3| ≤ ε‖∂•he‖2H1,1 + c
(‖∂•he‖2L2,2 + h2|log h|(‖u‖2W 2,∞(Γ(t)) + ‖∂•u‖2W 2,∞(Γ(t)))).
These estimates together, and absorbing ‖∂•he‖H1,1, imply (43).
Step 2: Using again an Aubin–Nitsche like argument we show that, for any
δ > 0 sufficiently small, we have
‖∂•he‖2L2,2 ≤ δ‖∂•he‖2H1,1 + ch2|log h|4
(‖u‖2W 2,∞(Γ(t)) + ‖∂•u‖2W 2,∞(Γ(t))). (44)
Let w ∈ H2(Γ(t)) be the weak solution of
−∆Γw + w = µ−2∂•he.
Then we have
‖∂•he‖L2,2 = a∗(∂•he, w − Ihw) + a∗(∂•he, Ihw).
Again let ε > 0 be a small number. For γ > γ0 sufficiently big we get
|a∗(∂•he, w − Ihw)| ≤ ε‖∂•he‖2H1,1 + δ‖∂•he‖2L2,2
Using equation (39) and proceeding similar like in Dziuk and Elliott [12, Theo-
rem 6.2], by adding and subtracting terms, we get
a∗(∂•he, Ihw) = −
(
a∗(∂•hP1u, Ihw) − a∗h(∂•hPh,1u, I˜hw)
+ (g + b)(vh;u, Ihw)− (gh + bh)(Vh;u−l, I˜hw)
+ (gh + bh)(Vh;u
−l − Ph,1u, I˜hw) − (g + b)(vh;u− P1u, Ihw)
+ (g + b)(vh;u− P1u, Ihw) − (g + b)(v;u− P1u, Ihw)
+ (g + b)(v;u − P1u, Ihw) − (g + b)(v;u− P1u,w)
+ (g + b)(v;u − P1u,w)
)
= J1 + J2 + J3 + J4 + J5 + J6.
Use Lemma 3.6 (16), (38), Lemma 4.3 (34) and the inequality
h‖Ihw‖H1,1 ≤ ε‖∂•he‖L2,2,
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for γ > γ1 sufficiently big, we reach at
|J1| + · · · + |J4| ≤ δ‖∂•he‖2H1,1 + ε‖∂•he‖2L2,2 + ch2(‖u‖2W 2,∞ + ‖∂•u‖2W 1,∞).
With the same arguments like for a∗(∂•he, w − Ihw) we estimate
|J5| ≤ ε‖∂•he‖2H1,1 + δ‖∂•he‖2L2,2,
for γ > γ2 sufficiently big. For γ > γ3 sufficiently big we estimate the last term
as follows
|J6| ≤ c‖e‖L2,1‖w‖H2,−1
≤ c‖e‖L∞|log ρ|1/2‖w‖H2,−1
≤ ch2|log h|3/2‖u‖W 2,∞‖w‖H2,−1
≤ ε‖∂•he‖2L2,2 + ch2|log h|4‖u‖2W 2,∞ .
By absorption, these estimates together imply (44).
The final estimate is shown by combining (43) and (44), and choosing δ > 0
such that cˆδ < 1. Then an absorbtion finishes the proof.
From the weighted version of the error estimate in the material derivatives,
the L∞-norm estimate follows easily.
Theorem 4.2 (Errors in the material derivative of the Ritz projection). Let
z ∈ W 3,∞(GT ). For a sufficiently small h < h0 and a sufficiently big γ > γ0
there exists c = c(h0, γ0) > 0 independent of t and h such that
‖∂•h
(
z − (Ph,1(t)z)l
)‖L∞(Γ(t)) ≤ ch2|log h|3(‖z‖W 2,∞(Γ(t)) + ‖∂•z‖W 2,∞(Γ(t))),
‖∂•h
(
z − (Ph,1(t)z
)l
)‖W 1,∞(Γ(t)) ≤ ch|log h|5/2
(‖z‖W 2,∞(Γ(t)) + ‖∂•z‖W 2,∞(Γ(t))).
Proof. The above results are shown by exactly following the proof of Theo-
rem 4.1, Lemma 4.6 (42) being the main tool.
5 Maximum norm parabolic stability
The purpose of this section is to derive a ESFEM weak discrete maximum
principle. The proof is modeled on the weak discrete maximum principle from
Schatz, Thome´e, Wahlbin [30]. For this we are going to need a well known
matrix formulation of (3), which is due to Dziuk and Elliott [9]. It was first
used in Dziuk, Lubich, Mansour [13] for theoretical reasons, namely a time
discretization of (3). Using the matrix formulation we derive a discrete adjoint
problem of (3), which does not arise in Schatz, Thome´, Wahlbin [30], but arises
here, since the ESFEM evolution operator is not self adjoint. Then we deduce
a corresponding a priori estimate and finally prove our weak discrete maximum
principle.
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5.1 A discrete adjoint problem
A matrix ODE version of (3) can be derived by setting
Uh( . , t) =
N∑
j=1
αj(t)χj( . , t),
testing with the basis function φh = χj , where Sh(t) = lin{χj | j = 1, . . . , N},
and using the transport property (2).
Proposition 5.1 (ODE system). The spatially semidiscrete problem (3) is
equivalent to the following linear ODE system for the vector α(t) = (αj(t)) ∈
R
N , collecting the nodal values of Uh(., t):
d
dt
(
M(t)α(t)
)
+A(t)α(t) = 0
α(0) = α0
(45)
where the evolving mass matrix M(t) and stiffness matrix A(t) are defined as
M(t)kj =
∫
Γh(t)
χjχk, A(t)kj =
∫
Γh(t)
∇Γhχj · ∇Γhχk.
Definition 5.1. Let 0 ≤ s ≤ t ≤ T . For given initial value wh ∈ Sh(s) at time
s, there exists unique2 solution uh. This defines a linear evolution operator
Eh(t, s) : Sh(s)→ Sh(t), wh 7→ uh(t).
We define the adjoint of Eh(t, s)
Eh(t, s)
∗ : Sh(t)→ Sh(s)
via the equation
mh
(
t;Eh(t, s)ϕh(s), wh(t)
)
= mh
(
s;ϕh(s), Eh(t, s)
∗wh(t)
)
, (46)
where ϕh(s) ∈ Sh(s) and wh(t) ∈ Sh(t) are some arbitrary finite element func-
tions.
Lemma 5.1 (Adjoint problem). Let s ∈ [0, t] where t ∈ [0, T ] and wh(t) ∈ Sh(t).
Then s 7→ E(t, s)∗wh(t) is the unique solution of{
mh
(
s; ∂•,sh uh, ϕh
)− ah(s;uh, ϕh) = 0, on Γ(s)
uh(t) = wh(t), on Γ(t).
(47)
where ∂•,sh is the discrete material derivative with respect to s.
Remark 5.1. The problem (47) has the structure of a backward heat equation,
where s is going backward in time. Hence we considered (47) as a PDE of
parabolic type. We recall, that using Lemma 3.2 we may write equation (3)
equivalently as{
mh
(
t; ∂•huh + (∇Γh · Vh)uh, ϕh
)
+ ah(t;uh, ϕh) = 0, on Γ(t),
uh(0) = wh, on Γ(0)
(48)
2cf. Dziuk and Elliott [9].
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The problems (48) and (47) differ in the following way: If the initial data for
(47) is constant then it remains so for all times. In general this does not hold
for solutions of (48). On the other hand (48) preserves the mean value of its
initial data, which is in general not true for a solution of (47).
Proof of Lemma 5.1. First we investigate the finite element matrix represen-
tation of Eh(t, s) with respect to the standard finite element basis, which we
denote by Eh(t, s). From (45) we have
d
dt
(
M(t)Eh(t, 0)uh(0)
)
+A(t)Eh(t, 0)uh(0) = 0.
Let Λ(t, s) the resolvent matrix of the ODE
dξ
dt
+A(t)M(t)−1ξ = 0.
Then obviously it holds
Eh(t, s) =M(t)
−1Λ(t, s)M(s).
Denote by Eh(t, s)
∗ the matrix representation of Eh(t, s)
∗. From equation (46)
it follows
Eh(t, s)
∗ =M(s)−1Eh(t, s)
TM(t) = Λ(t, s)T .
Now we calculate dΛ(t,s)ds . Note that Λ(t, s) = Λ(s, t)
−1 and it holds
dΛ(s, t)−1
ds
= −Λ(s, t)−1 dΛ(s, t)
ds
Λ(s, t)−1.
From that it easily follows
dΛ(t, s)
ds
= Λ(t, s)A(s)M(s)−1,
which now implies
dEh(t, s)
∗
ds
=M(s)−1A(s)Eh(t, s)
∗.
5.2 A discrete delta and Green’s function
Let δh = δ
xh
h = δ
t,xh
h ∈ Sh(t) be a finite element discrete delta function defined
as
mh(t; δ
t,xh
h , ϕh) = ϕh(xh, t) (ϕh ∈ Sh(t)). (49)
If δxh : Γh(t) → R is a smooth function having support in the triangle Eh
containing xh, then since dimΓh(t) = 2 one easily calculates ‖δxhσxh‖L2(Γh(t)) ≤
c for some constant independent of h and t. For the discrete delta function δh
a similar result holds.
Lemma 5.2. There exists c > 0 independent of t and h:
‖σxhδxhh ‖L2(Γh(t)) ≤ c (xh ∈ Γh(t)).
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The proof is a straight forward extension of the corresponding one in Schatz,
Thome´e, Wahlbin [30] and uses the exponential decay property of the L2-
projection, cf. Theorem 3.1 (24).
Next we define a finite element discrete Green’s function as follows. Let
s ∈ [0, T ]. For given uh ∈ Sh(s) there exists a unique ψh ∈ Sh(s) such that
a∗h(s;ψh, ϕh) = mh(s;uh, ϕh) ∀ϕh ∈ Sh(s).
This defines an operator
T ∗,sh : Sh(s)→ Sh(s), T ∗,sh uh := ψh.
We call Gs,xh := T
∗,s
h δ
s,x
h a discrete Green’s function.
A short calculation shows that for all 0 6= ϕh ∈ Sh(s) it holds
mh(s;T
∗,s
h ϕh, ϕh) > 0,
which implies that Gs,xh (x) > 0. Actually we can bound the singularity x with
c|log h|.
Lemma 5.3. For the discrete Green’s function Gs,xh we have the estimate
Gs,xh (x) ≤ c|log h|.
Proof. Using Lemma 3.12 with (4) we estimate as
‖Gs,xh ‖L∞(Γh(s)) ≤ c|log h|1/2‖Gs,xh ‖H1(Γh(s)) = c|log h|1/2
√
Gs,xh (x).
The next lemma needs a different treatment then the one presented in Schatz,
Thome´e and Wahlbin [30]. The reason for that is that the mass and stiffness
matrix depend on time and further the stiffness matrix is singular.
Lemma 5.4. Let be uh a solution of (47). Then we have the estimate∫ t
0
‖uh‖2L2(Γh(s))ds ≤ c ·mh(t;T
∗,t
h uh, uh).
Proof. Note that Lemma 3.2 (8) reads with the matrix notation as follows: If
Zh and φh are the coefficient vectors of some finite element function, then we
have the estimate
ZTh
dM(s)
ds
φh ≤ c
√
ZThM(s)Zh
√
φThM(s)φh,
ZTh
dA(s)
ds
φh ≤ c
√
ZTh A(s)Zh
√
φThA(s)φh.
(50)
In the following with drop the s dependency. Let u be the time dependent
coefficient vector of uh. Then we have
0 = −M du
ds
+Au = −M du
ds
+ (A+M)u−Mu.
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Equivalently we write this equation as
− 1
2
d
ds
[
uTM(A+M)−1Mu
]
= −uTMu+ uTM(A+M)−1Mu− 1
2
uT
d
ds
[
M(A+M)−1M
]
u.
The last term expanded reads
1
2
uT
d
ds
[
M(A+M)−1M
]
u
= uT
dM
ds
(A+M)−1Mu+
1
2
uTM
d(A+M)−1
ds
Mu = I1 + I2.
Using (50) and a Young inequality we estimate as
|I1| ≤ c · uTM(A+M)−1Mu+ 1
2
uTMu.
|I2| = 1
2
∣∣∣∣uTM(A+M)−1 d(A+M)ds (A+M)−1Mu
∣∣∣∣
≤ c · uTM(A+M)−1Mu
Putting everything together we reach at
− d
ds
[
uTM(A+M)−1Mu
] ≤ −uTMu+ c · uTM(A+M)−1Mu.
The claim then follows from Lemma C.1.
5.3 A weak discrete maximum principle
Proposition 5.2. Let Uh(x, t) ∈ Sh(t) the ESFEM solution of our linear heat
problem. Then there exists a constant c = c(T, v) > 0, which depends exponen-
tially on T and v such that
‖Uh(t)‖L∞(Γh(t)) ≤ c|log h|‖Uh(0)‖L∞(Γh(0)).
Proof. There exists xh ∈ Γh(t) such that
‖Uh(t)‖L∞ = |Uh(xh, t)| = mh
(
t;Uh(t), δ
t,xh
h
)
= mh
(
t;E(t, 0)U0h , δ
t,xh
h
)
= mh(0;U
0
h , E(t, 0)
∗δt,xhh ) ≤ ‖U0h‖L∞‖E(t, 0)∗δt,xhh ‖L1.
The claim follows from Lemma 5.5.
Lemma 5.5. For Gxh(t, s) := Eh(t, s)
∗δt,xh , where δ
t,x
h is defined via (49) and
Eh(t, s)
∗ is defined via (46), it holds
‖Gx(t, 0)‖L1(Γh(0)) ≤ c|log h|,
where the constant c = c(T, v) depending exponentially on T and v such and is
independent of x, h, t and s.
21
Proof. The proof presented here is a modification of the proof from Schatz,
Thome´e and Wahlbin [30, Lemma 2.1]. We estimate
‖Gxh(t, 0)‖L1(Γh(0)) ≤ ‖1/σx‖L2(Γh(0))‖σxGxh(t, 0)‖L2(Γh(0)).
With subsection B.1 it follows
‖1/σx‖2L2(Γh(0)) ≤ c|log h|.
It remains to show
‖σxGxh(t, 0)‖2L2(Γh(0)) ≤ c|log h|.
In the following we abbreviate σ = σx and Gh = G
x
h(t, s) With equation (47)
and the discrete transport property we proceed as follows
−1
2
d
ds
‖σGh‖2L2(Γh(s)) + ‖σ∇ΓhGh‖2L2(Γh(s))
= −mh
(
s; ∂•,sh Gh, σ
2Gh
)
+ ah
(
s;Gh, σ
2Gh
)
− 2mh
(
s;σ∇ΓhGh, Gh∇Γhσ
)
−mh
(
s; ∂•,sh σ, σG
2
h
)− 1
2
mh
(
s;σ2G2h,∇Γh · Vh
)
= −mh
(
s; ∂•,sh Gh, σ
2Gh − ψh
)
+ ah
(
s;Gh, σ
2Gh − ψh
)
− 2mh
(
s;σ∇ΓhGh, Gh∇Γhσ
)
−mh
(
s;Gh∂
•,s
h σ, σGh
)− 1
2
mh
(
s;σ2G2h,∇Γh · Vh
)
= I1 + I2 + I3 + I4 + I5.
For the choice ψh = P0(σ
2Gh
)
we have I1 = 0. Using Cauchy–Schwarz inequal-
ity, Lemma 3.14 and an inverse estimate 3.11 we get
|I2| ≤ c
(‖Gh‖2L2(Γh(s)) + ‖Gh‖L2(Γh(s)) · ‖σ∇ΓhGh‖L2(Γh(s))).
Using Lemma 3.13 (27) we reach at
|I3| ≤ c‖Gh‖L2(Γh(s))‖σ∇ΓhGh‖L2(Γh(s)).
Using Lemma 3.13 (26) we have
|I4| ≤ c‖Gh‖L2(Γh(s))‖σGh‖L2(Γh(s)),
|I5| ≤ c‖σGh‖2L2(Γh(s)).
After a Young inequality we have
− d
ds
‖σGh‖2L2(Γh(s))+‖σ∇ΓhGh‖2L2(Γh(s)) ≤ c‖Gh‖2L2(Γh(s))+c‖σGh‖2L2(Γh(s)).
Lemma C.1 yields
‖σGh(t, 0)‖2L2(Γh(0)) ≤ c
(∫ t
0
‖Gh(t, s)‖2L2(Γh(s))ds+ ‖σxδxh‖L2(Γh(0))
)
.
For the first term we get from Lemma 5.4 and Lemma 5.3 the bound∫ t
0
‖Gh(t, s)‖2L2(Γh(s))ds ≤ c|log h|.
The last term is bounded according to Lemma 5.2.
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Remark 5.2. By using the techniques of [31] instead of [30] the logarithmic
factor | log(h)| is expected to disappear, however this would lead to a much more
technical and quite lengthy proof, as already noted in the introduction.
6 Convergence of the semidiscretization
Theorem 6.1. Let Γ(t) be an evolving surface, let u : Γ(t)→ R be the solution
of (1) and let uh = U
l
h ∈ H1
(
Γ(t)
)
be the solution of (3). If it holds
‖Ph,1(t)u − Uh‖L∞(Γh(t)) ≤ ch2,
then there exists h0 > 0 sufficiently small and c = c(h0) > 0 independent of t,
such that for all 0 < h < h0 we have the estimate
‖u− uh‖L∞(Γ(t)) + h‖u− uh‖W 1,∞(Γ(t))
≤ ch2|log h|4(1 + t)(‖u‖W 2,∞(Γ(t)) + ‖∂•u‖W 2,∞(Γ(t))).
Proof. It suffices to prove the L∞-estimate, since an inverse inequality implies
the W 1,∞-estimate.
For this proof we denote by Ph,1u = Ph,1(t)u, P1u = (Ph,1u)
l and uh = U
l
h.
We split the error as follows
u− uh = (u− P1u) + (Ph,1u− Uh)l = σ + θlh.
Because of Theorem 4.1 it remains to bound θh. Obviously there exists Rh ∈
Sh(t) such that for all φh ∈ Sh(t) it holds
d
dt
∫
Γh(t)
θhφh +
∫
Γh(t)
∇Γhθh · ∇Γhφh −
∫
Γh(t)
θh∂
•
hφh =
∫
Γh(t)
Rhφh.
By the variation of constant formula we deduce
θh(t) = Eh(t, 0)θh(0) +
∫ t
0
Eh(t, s)Rh(s)ds.
With Proposition 5.2 we get
‖θh‖L∞(Γh(t)) ≤ c|log h|
(‖θh(0)‖L2(Γh(t)) + t max
s∈[0,t]
‖Rh(s)‖L∞(Γh(t))
)
.
Observe that if we denote by ϕh := φ
l
h, then a quick calculation reveals
mh(Rh, φh) = mh(∂
•
hPh,1u, φh) + gh(Vh;Ph,1u, φh) + ah(Ph,1u, φh)
− (m(∂•hu, ϕh) + g(vh;u, ϕh) + a(u, ϕh)) (51)
Lemma 6.1 finishes the proof.
Lemma 6.1. Assume that Rh ∈ Sh(t) satisfies for all φh ∈ Sh(t) with ϕh := φlh
equation (51). Then it holds
‖Rh‖L∞(Γh(t)) ≤ ch2|log h|3(‖u‖W 2,∞(Γ(t)) + ‖∂•u‖W 2,∞(Γ(t))).
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Proof. Using Definition 3.3 (23), (51) and since L∞ is the dual of L1 we deduce
‖Rh‖L∞(Γh(t)) = sup
fh∈L
1(Γh(t))
‖fh‖L1(Γh(t))
=1
mh(Rh, fh) = sup
fh∈L
1(Γh(t))
‖fh‖L1(Γh(t))
=1
mh(Rh, P0fh).
Now consider
mh(Rh, P0fh) = mh(∂
•
hPh,1u, P0fh)−m(∂•hu, P0f lh)
+ gh(Vh;Ph,1u, P0fh)− g(vh;u, P0f lh)
+ ah(Ph,1u, P0fh)− a(u, P0f lh)
= I1 + I2 + I3.
Using Lemma 3.3 and Theorem 3.1 it is easy to see
|I1| ≤ c
(‖∂•hu− ∂•h(Ph,1u)l‖L∞(Γ(t))
+ h2(‖∂•u‖L∞(Γ(t)) + h2‖u‖W 1,∞(Γ(t)))
)‖fh‖L1(Γh(t))
|I2| ≤ c(‖u− Ph,1ul‖L∞(Γ(t)) + h2‖u‖L∞(Γ(t)))‖fh‖L1(Γh(t))
|I3| ≤ c(h2‖u‖L∞(Γ(t)) + ‖u− (Ph,1u)l‖L∞(Γ(t)))‖fh‖L1(Γh(t))
Theorem 4.1 and Theorem 4.2 imply the claim.
7 A numerical experiment
We present a numerical experiment for an evolving surface parabolic problem
discretized in space by the evolving surface finite element method. As a time dis-
cretization method we choose backward difference formula 4 with a sufficiently
small time step (in all the experiments we choose τ = 0.001).
As initial surface Γ0 we choose the unit sphere S
2 ⊂ R3. The dynamical
system is given by Φ(x, y, z, t) = (
√
1 + 0.25 sin(2pit)x, y, z), which implies the
velocity v(x, y, z, t) = (pi cos(2pit)/(4 + sin(2pit))x, 0, 0), over the time interval
[0, 1]. As the exact solution we choose u(x, y, z, t) = xye−6t. The complicated
right-hand side was calculated using the computer algebra system Sage [28].
We give the errors in the following norm and seminorm
L∞(L∞) : max
1≤n≤N
‖unh − u(., tn)‖L∞(Γ(tn)),
L2(W 1,∞) :
(
τ
N∑
n=1
|∇Γ(tn)
(
unh − u(., tn)
)|2L∞(Γ(tn)))1/2.
The experimental order of convergence (EOC) is given as
EOCk =
ln(ek/ek−1)
ln(2)
, (k = 2, 3, . . . , n),
where ek denotes the error of the k-th level.
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level dof L∞(L∞) EOCs L2(W 1,∞) EOCs
1 126 0.00918195 - 0.01921707 -
2 516 0.00308305 1.57 0.01481673 0.37
3 2070 0.00100752 1.61 0.00851267 0.80
4 8208 0.00025326 1.99 0.00399371 1.09
Table 1: Errors and EOCs in the L∞(L∞) and L2(W 1,∞) norms
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A A Green’s function for evolving surfaces
Aubin [1, Section 4.2] proves existence of a Green’s function on a closed manifold
M , that is a function which satisfies in M ×M
∆Q distr.G(P,Q) = δP (Q),
where ∆ is the Laplace–Beltrami operator onM . The Green’s function is unique
up to an constant. For Lemma 3.12 we need that the first derivative of a Green’s
function can be bounded independent of t.
Theorem A.1 (Green’s function). Let Γ(t) with t ∈ [0, T ] be an evolving sur-
face. There exists a Green’s function G(t;x, y) for Γ(t). The value of G(x, y)
depends only on the value of distΓ(t)(x, y). G(x, y)satisfies the inequality
|∇xΓG(t;x, y)| ≤ c
1
distΓ(t)(x, y)
.
for some c > 0 independent of t.
Furthermore for all functions ϕ ∈ C2(GT ) it holds
ϕ(x, t) =
1
V
∫
Γ(t)
ϕ(y, t)dy −
∫
Γ(t)
G(t;x, y)∆Γϕ(y, t)dy. (52)
Proof. As noted in Aubin [1, 4.10] the distance r = distΓ(t)(x, y) is only a
Lipschitzian function on Γ(t). To use his construction we therefore need to
revise that the injectivity radius at any point P ∈ Γ(t) can be bounded by
below by a number independent of P and t. This follows if the Riemannian
exponential map is continuous in t and from Lemma C.2. To prove that the
Riemannian exponential map is continuous one carefully revises the construction
of exponential map as it is given in Chavel [4, Chapter 1]. Formula (52) follows
from Aubin [1, Theorem 4.13] and that the constant is independent of t is a
straightforward calculation.
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B Calculations with some weight functions on
evolving surfaces
B.1 Integration with geodesic polar coordinates on evolv-
ing surfaces
Assume we have sufficiently smooth function f : Γ(t) × Γ(t) → R, where the
value f(x, y) depends on the distance r = distΓ(t)(x, y) and we want to estimate
the quantity
∫
Γ(t) f(x, y)dy for a fix y.
Applying the well known coarea formulae to the distance function r, cf.
Chavel [4, Theorem 3.13] and Morgan [25, Theorem 3.13], we reach at∫
Γ(t)
f(x, y)dy =
∫ ∞
0
∫
{distΓ(t)(x,y)=r}
f(r)dωdr
=
∫ ∞
0
Hm({distΓ(t)(x, y) = r})
rm
f(r)rmdr,
where Hm denotes the m-dimensional Hausdorff measure. If Γ(t) is not a closed
surface but Rm+1 then
Hm
(
{distΓ(t)(x,y)=r}
)
rm would be constant. For closed sur-
faces the situation is different. Obviously there exists a positive number R > 0
independent of t and x, y ∈ Γ(t) such that for all r ≥ R it holds
Hm(distΓ(t)(x, y) = r) = 0.
Lemma B.1. There exists c > 0 depending on t ∈ [0, T ] and x ∈ Γ(t) such that
sup
r>0
Hm({distΓ(t)(x, y) = r})
rm
≤ c.
Proof. It holds
lim
r→0
Hm({distΓ(t)(x, y) = r})
rm
= ωm,
where ωm is the volume of the m-dimensional sphere in R
m+1, cf. Gray [17,
Theorem 3.1.]. Thus the proof is finished if find a c > 0 such that
Hm({distΓ(t)(x, y) = r}) ≤ c ∀r ∈ [0,∞).
This can be seen as follows. For a fix point p ∈ Γ(t) it is possible to use the
Riemannian exponential to flat out Γ(t), cf. Figure 1 for an illustration on the
torus. We make this argument precise.
For r ∈ [0,∞) let
Sp(r) := {v ∈ TpΓ(t) | gp(v, v) = r2}
be the sphere of radius r and for v ∈ Sp(1) consider the geodesic
fv : [0,∞)→ Γ, λ 7→ expp(λv).
It is well known that a geodesic is just locally length minimizing. Hence there
exists a unique λ∗(v) > 0, such that fv|[0, λ∗(v)] is a length minimizing geodesic
and for every ε > 0 fv|[0, λ∗(v)+ε] is not anymore length minimizing. We define
Wp(t) := {w ∈ TpΓ(t) | w = λ · v with v ∈ Sp and λ ∈ [0, λ∗(v)]}.
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Γ(t)
p
q1
q2
q3
expp
TpΓ(t)
Wp
0
w1,1
w1,2w2,1
w2,2
w2,3
w2,4
w3,1 w3,2
Figure 1: Illustration of a possible Wp for the Torus as a subset of R
3 with
induced metric. Note that the opposite boundary of Wp are identified. It holds
expp(wi,∗) = qi and expp(0) = p.
Obviously it holds for every w ∈ Wp(t) that distΓ(t)
(
p, expp(w)
) ≤ R. Further
there exists for every q ∈ Γ a unique w ∈Wp with expp(w) = q. Clearly it holds
expp
(
Wp ∩ Sp(r)
)
= {distΓ(t)(x, y) = r}.
Now apply a general Area-coarea Formula, cf. [25, Theorem 3.13], to finish the
proof.
Using this lemma we have the estimate∫
Γ(t)
f(x, y)dy ≤ c
∫ R
0
rmf(r)dr.
B.2 Comparison of extrinsic and intrinsic distance
Lemma B.2. There exists a constant c > 0 independent of t such that for all
x, y ∈ Γ(t) the following inequality holds
c · distΓ(t)(x, y) ≤ |x− y|. (53)
Proof. For simplicity we assume that Γ(t) = Γ0 for all t ∈ [0, T ]. The basic idea
is to find a radius r > 0 and two constant c1, c2 > 0 such that (53) holds with
c1 for distΓ(t)(x, y) ≤ r and with c2 for distΓ(t)(x, y) ≥ r.
Observe that from the compactness from Γ0 it follows that there exists r > 0
such that for all distΓ(t)(x, y) ≤ r it holds
ν(x) · ν(y) ≥ cos(pi/6).
After rotation we may assume x = 0, ν(x) = en+1 and that Γ0 may be written
as graph of a smooth function, that means that there exits f : U(x)→ R smooth
with U(x) ⊂ Rn an open subset, such that z = (z′, w) ∈ Γ0 ⊂ Rm × R with
distΓ(t)(z, x) ≤ r if and only if z′ ∈ U(x) and w = f(z′). For x = (0, 0) and
y =
(
y′, f(y′)
)
consider the path t 7→ (ty′, f(ty′)). We calculate
distΓ(t)(x, y) ≤
∫ 1
0
√
1 + dfty′y′dt ≤
√
1 + ‖f‖2W 1,∞ |y′| ≤
√
1 + ‖f‖2W 1,∞ |y−x|.
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Now the derivatives of f are bounded by m · tan(pi/6).
To get the existence of c2 > 0 observe that distΓ(t) is continuous and hence
the set dist−1Γ(t){r > 0} is compact. On this set the function |x − y| does not
vanish and takes it maximum and minimum.
B.3 Weight functions
Definition B.1. Let µ and µ˜ be like (9) resp. (25). For given µ, µ˜ with curve
y = y(t), we define a curve yh = yh(t) := y(t)
−l ∈ Γh(t). Now we define a
weight function on the discrete surface
µh : Γh(t)→ R, resp. µ˜h : Γh(t)→ R,
via the same formula like (9) resp. (25).
Lemma B.3. There exists a constant h0 = h0(γ) > 0 sufficiently small and
c = c(h0) > 0 independent of t and h such that for all 0 < h < h0 it holds
1
c
µ ≤ µlh ≤ cµ, (54)
1
c
µ˜ ≤ µ˜lh ≤ cµ˜. (55)
Proof. The main idea is to observe that we have the inequalities
|x−l − yh| ≤ 2d+ |x− y|,
|x− y| ≤ 2d+ |x−l − yh|,
where d = d(t) := maxx∈Γ(t) distRn+1
(
x,Γh(t)
)
.
C Modified analytic results for evolving surface
problems
Lemma C.1 (modified Gronwall inequality). Let c > 0 be a positive constant,
let ϕ, ψ and ρ be some positive functions defined on [t, T ] and assume for all
s ∈ [t, T ] we have the inequality
−dϕ
ds
(s) + ψ(s) ≤ cϕ(s) + ρ(s).
Then it holds
ϕ(t) +
∫ T
t
ψ(s)ds ≤ ec(T−t)
(
ϕ(T ) +
∫ T
t
ρ(s)ds
)
.
Proof. Calculate − dds [ϕe−c(T−s)] and integrate from t to T .
Lemma C.2 (modified inverse function theorem). Let f : Rn × [0, T ]→ Rn be
a smooth map, denote by f(t)(x) := f(x, t) and assume that for all t ∈ [0, T ]
the map df(t)0 =
∂f
∂x (0, t) is invertible. Then there exists r > 0 independent of
t such that
f(t) : f(t)−1{Br(0)} → Rn, x 7→ f(x, t),
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is a diffeomorphism onto its image and we have Br/2(0) ⊂ f(t)−1{Br(0)} for
all t, where Br(0) := {x ∈ Rn | |x| ≤ r}. The map
g : [0, T ]×Br(0)→ Rn, (t, x) 7→ f(t)−1(x)
is smooth. In particular g is smooth in t.
Proof. The results follows from the compactness of [0, T ] and the smoothness
of f .
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